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Abstract: Real-time problems involving uncertain or indeterminate information
can be effectively addressed using fuzzy graphs (FGs). However, the problems in
which the edge membership values have a significant impact due to the combination
of its corresponding vertices remain unsolved. To address this, inverse fuzzy graph
(IFG) was introduced. In this article, the energy (EI) and the Laplacian energy
(LE) on inverse fuzzy graph (IFG)GI have been newly introduced. Further, various
lower and upper bounds are derived for EI(GI) and LE(GI). Additionally the
sharp bound is estimated for EI(GI) which aids in determining the minimum and
maximum bounds for EI(GI). Furthermore, for the newly defined l− regular IFG,
the equality condition EI(GI) = LE(GI) holds true.

Keywords and Phrases: Inverse fuzzy graph; l− Regular Inverse fuzzy graph;
Energy; Laplacian Energy.
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1. Introduction
Real-time problems possessing ambiguous information employ Fuzzy graph (FG)

theory introduced by Rosenfeld [21]. Due to its efficient approach towards
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uncertain problems, FG has been widely applied in data mining, social network,
signal processing, decision-making problems, scheduling theory, etc. Mordeson and
Chang-Shyh [15] discussed various operations on FG. Following this, the concept
of regularity on FG has been implemented by Gani and Radha [9]. Recently, Josy
et al. [11] studied neighborhood connectivity index in FG. Further, Islam and
Pal [10] proposed second zagreb index in FG with an application in mathematical
chemistry.

Table 1: Summary on IFG

Authors Title
Borzooei, R.A., Almallah, R., Inverse fuzzy graphs
Jun, Y.B. and Ghaznavi, H. [7] with applications

Poulik, S. and Ghorai, G. [17] New concepts of inverse fuzzy
mixed graphs and its application

Borzooei, R.A. and Almallah, R. [8] Inverse fuzzy multigraphs
and planarity with application
in decision-making

Almallah, R., Borzooei, R.A. Domination numbers of inverse
and Jun, Y.B. [2] fuzzy graphs with application

in decision-making problems

Mondal, R. and Ghorai, G. [14] Inverse fuzzy mixed planar
graphs with application

Keerthana, R., Venkatesh, S., Inverse fuzzy-directed graph with an
Gobithaasan, R. U. and Salah, J. [13] application in traffic flow problem

Keerthana, R. and Venkatesh, S. [12] A systematic study of intercropping
agricultural system using fuzzy and
inverse fuzzy hypersoft hypergraph

Graph energy has been extensively applied in the field of molecular chemistry and
it is further extended to FG by Anjali and Mathew [3]. The notion of energy in
intuitionistic FG was introduced by Praba et al. [18]. Rahimi and Fayazi [19]
studied the Laplacian energy in FG and it was further extended by Basha and
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Kartheek [5]. Naz et al. [16] defined the energy on bipolar FG with an application
in decision-making problems. The energy on pythagorean FG was proposed by
Akram and Naz [1]. Recently, Shi et al. [22] investigated various energies on picture
FG. Atheeque et al. [4] utilized the Laplacian energy of q− rung orthopair FG for
electricity production management. Reddy et al. [20] introduced the Laplacian
energy in hesitancy FG. For further study, readers can refer to [6], [23]. There are
various real time problems possessing uncertain, indeterminate information can be
effectively solved by FGs. However, problems in which edge membership values are
significantly influenced by the combination of their corresponding vertices remain
unsolved. To address this, inverse fuzzy graph (IFG) was introduced by Borzooei
et al. [7] and is summarized in Table 1.

1.1. Motivation and Novelty of the research work

From the literature, we observe that the energy and the Laplacian energy have
not been introduced under inverse fuzzy environment. Motivated by this, the
energy EI(GI) and Laplacian energy LE(GI) on inverse fuzzy graphs are newly
defined along with various lower and upper bounds. Further, l-regular IFG (l-
RIFG) is defined and various bounds are evaluated in both EI(GI) and LE(GI).
The structure of the paper is organized as outlined, with a focus on the following
key points:

1. Introduction of the concept of the energy and Laplacian energy in inverse
fuzzy graph.

2. Subsequently, various upper and lower bounds are evaluated for EI(GI) and
LE(GI). Further, the sharp bound for EI(GI) is also computed.

3. In addition, l- RIFG is newly defined along with the evaluation of various
bounds. Also, it is proved that both EI(GI) and LE(GI) are equal in l-
RIFG.

2. Preliminaries
Definition 2.1. [21] A fuzzy graph G = (σ, µ) is an ordered pair with underlying
crisp graph G∗ = (V ∗, E∗) along with the membership functions σ : V ∗ −→ [0, 1]
and µ : V ∗ × V ∗ −→ [0, 1] such that µ(κ, y) ≤ min{σ(κ), σ(y)} for every edge in
G.

Definition 2.2. [7] Consider a simple graph G∗ = (V ∗, E∗) and σI : V ∗ −→ [0, 1]
and µI : E∗ −→ [0, 1] are two fuzzy subsets on V ∗ and E∗. An inverse fuzzy graph
GI = (σI , µI) is defined by µI(κ, y) ≥ min{σI(κ), σI(y)}, ∀(κ, y) ∈ E∗.
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Definition 2.3. [7] Let GI be an inverse fuzzy graph. The degree of a vertex is
defined by

dI(κ) =
∑

(κ,y)∈E∗

µI(κ, y)

Definition 2.4. [3] The adjacency matrix A of a fuzzy graph G = (V ∗, σ, µ) of
order r is an r×r matrix defined as A = [aij] where aij = µ(κi,κj). The eigenvalues
of A are called eigenvalues of G. The spectrum of A is called the spectrum of G.

Definition 2.5. [3] Let G = (V ∗, σ, µ) be a fuzzy graph and A be its adjacency
matrix. The Energy of G is defined as the sum of absolute values of eigenvalues of
G.

Definition 2.6. [19] The degree matrix D = [dij] of a fuzzy graph G of order r is
a r × r diagonal matrix given by

dij =

{
d(κi), ifi = j

0, otherwise

Definition 2.7. [19] Let A be the adjacency matrix and D be the degree matrix of
a fuzzy graph G. Then, L = D − A is called the Laplacian matrix of G.

Definition 2.8. [19] Let G be a fuzzy graph with r vertices and Λ1 ≥ Λ2 ≥ ... ≥ Λr

be the Laplacian eigenvalues of G. The Laplacian energy of G is defined by

LE(G) =
r∑

t=1

∣∣∣∣∣Λt −

(
2
∑

1≤i<j≤r µ(κi,κj)

)
r

∣∣∣∣∣
The comprehensive list of notations used in

Table 2: Comprehensive notation summary for inverse fuzzy graph

Notation Description

GI = (V, σI , µI) Inverse fuzzy graph

σI Vertex membership function

µI Edge membership function

dI(uk) Degree of vertex uk in GI

l Average degree or constant used in spectral relation

l-RIFG l-regular inverse fuzzy graph
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AI Adjacency matrix of GI

DI Degree matrix of GI

LI = DI − AI Laplacian matrix

λI
k k-th eigenvalue of AI

ΛI
k k-th eigenvalue of LI

γI
k k-th eigenvalue of SI

r Order of the matrix (number of vertices)

EI Energy of inverse fuzzy graph

LE Laplacian energy∑
uk∈V ∗ dI(uk) Sum of degrees (handshaking identity LHS)∑

(uk,ut)∈E∗ µI(uk, ut) Sum of edge memberships

3. Energy of Inverse Fuzzy Graph
In this section, the energy of GI is defined and various bounds are discussed for

the energy of IFG and l− RIFG. Further, the sharp bounds for EI(GI) are also
estimated.

Definition 3.1. The adjacency matrix AIof IFG GI of order r is a r × r matrix
of the form AI = [aIkt], where [aIkt] = µI(κk,κt) and k, t = 1, 2, ..., r.

Definition 3.2. The eigenvalues of AI are the eigenvalues of GI and denoted by
λI
k, k = 1, 2, ..., r. The spectrum SI(GI) of GI is a set of eigenvalues {λI

1, λ
I
2, ..., λ

I
r}

of AI .

Definition 3.3. The energy of GI , EI(GI) is the sum of absolute eigenvalues of
GI and is given by EI(GI) =

∑r
k=1 |λI

k|.
Example 3.1. For the IFG GI in Figure 1, the adjacency matrix is given by,

AI(GI) =



0 0 0.7 0 1 0.7 0 0
0 0 0 0.4 0 0.7 0.4 0
0.7 0 0 0 0 0 1 0.7
0 0.4 0 0 1 0 0 0.7
1 0 0 1 0 0 0 0
0.7 0.7 0 0 0 0 0 0
0 0.4 1 0 0 0 0 0
0 0 0.7 0.7 0 0 0 0


The spectrum SI(GI) is {1.92594765, 1.01942319, 0.76383715, 0.49790778,
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− 0.04560095, −1.07129484,−1.41157945,−1.67864053} and EI(GI) = 8.414232.

Figure 1: Inverse fuzzy graph GI

Theorem 3.1. If λI
1 ≥ λI

2 ≥ ... ≥ λI
r are the eigenvalues of AI of GI , then

1.
∑r

k=1 λ
I
k = 0

2.
∑r

k=1(λ
I
k)

2 = 2
∑

1≤k<t≤r(µ
I(κk,κt))

2

Proof.

1. Since AI(GI) is a symmetric matrix with zero as its trace, then
∑r

k=1 λ
I
k = 0

and it is real.

2. By the property of trace of a matrix,

tr(AI(κk,κt))
2 =

r∑
k=1

(λI
k)

2

But, tr(AI(κk,κt))
2 = 2

∑
1≤k<t≤r

(µI(κk,κt))
2

Hence,

r∑
k=1

(λI
k)

2 = 2
∑

1≤k<t≤r

(µI(κk,κt))
2

Theorem 3.2. Consider an IFG GI with its corresponding adjacency matrix
AI(GI), then√

2
∑

1≤k<t≤r

(µI(κk,κt))2 + r(r − 1)|A| 2r ≤ EI(GI) ≤
√

2r
∑

1≤k<t≤r

(µI(κk,κt))2,
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where |A| is the determinant of AI(GI).
Proof. Applying Cauchy-Schwartz inequality to the r numbers (1, 1, ..., 1) and
(|λI

1|, |λI
2|, ..., |λI

r|),
r∑

k=1

|λI
k| ≤ (r)

1
2 (

r∑
k=1

(|λI
k|)2)

1
2 (1)

(
r∑

k=1

|λI
k|)2 =

r∑
k=1

(|λI
k|)2 + 2

∑
1≤k<t≤r

λI
kλ

I
t (2)

Comparing the coefficients of (λI)(r−2) in the characteristic polynomial,

r∏
k=1

(λI − λI
k) = |AI(GI)− λII|

then, ∑
1≤k<t≤r

λI
kλ

I
t = −

∑
1≤k<t≤r

(µI(κk,κt))
2 (3)

From the equations (3) and (2),

r∑
k=1

(|λI
k|)2 = 2

∑
1≤k<t≤r

(µI(κk,κt))
2 (4)

From the equations (4) and (1),

r∑
k=1

|λI
k| ≤ (r)

1
2 (2

∑
1≤k<t≤r

(µI(κk,κt))
2)

1
2 = (2r

∑
1≤k<t≤r

(µI(κk,κt))
2)

1
2 .

Thus,

EI(GI) ≤
(
2r

∑
1≤k<t≤r

(µI(κk,κt))
2

) 1
2

For any IFG GI ,

(EI(GI))2 = (
r∑

k=1

|λI
k|)2 =

r∑
k=1

(|λI
k|)2 +

∑
1≤k<t≤r

λI
kλ

I
t

= 2
∑

1≤k<t≤r

(µI(κk,κt))
2 +

2r(r − 1)

2
AM(|λI

kλ
I
t |)
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AM(|λI
kλ

I
t |) ≥ GM(|λI

kλ
I
t |), 1 ≤ k < t ≤ r

EI(GI) ≥
(
2
∑

1≤k<t≤r

(µI(κk,κt))
2 + r(r − 1)GM(|λI

kλ
I
t |)
) 1

2

But,

GM(|λI
kλ

I
t |) =

( ∏
1≤k<t≤r

|λI
kλ

I
t |
) 2

r(r−1)

=

( r∏
k=1

(|λI
k|)r−1

) 2
r(r−1)

=

( r∏
k=1

(|λI
k|)
) 2

r

= |A|
2
r

Thus,

EI(GI) ≥
(
2
∑

1≤k<t≤r

(µI(κk,κt))
2 + r(r − 1)|A|

2
r

) 1
2

.

Definition 3.4. An IFG GI is said to be l-regular IFG(l-RIFG) if the degree of a
vertex, dI(κk) = l,∀κk ∈ V ∗, k = 1, 2, ..., r.

Theorem 3.3. For any IFG GI ,
∑

κk∈V ∗ dI(κk) = 2
∑

(κk,κt)∈E∗ µI(κk,κt).
Proof. By definition, the degree of a vertex κk ∈ V ∗ in inverse fuzzy graph is
given by

dI(κk) =
∑

κk∈V ∗,κk ̸=κt

µI(κk,κt)

Summing over all vertices, we get∑
κk∈V ∗

dI(κk) =
∑

κk∈V ∗

∑
κk∈V ∗,κk ̸=κt

µI(κk,κt)

Since µI(κk,κt) = µI(κt,κk) for an undirected IFG, each edge (κt,κk) contributes
twice in the above double summation: once as µI(κk,κt) and once as µI(κt,κk).
Therefore,

∑
κk∈V ∗ dI(κk) = 2

∑
(κk,κt)∈E∗ µI(κk,κt).

The following theorem yields the sharp bounds for EI(GI).

Theorem 3.4. For any IFG GI with energy EI(GI), we have

2

( ∑
1≤k<t≤r

(µI(κk,κt))
2

) 1
2

≤ EI(GI) ≤ 2
∑

1≤k<t≤r

µI(κk,κt)
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Proof.

(EI(GI))2 =

( r∑
k=1

|λI
k|
)2

=
r∑

k=1

(|λI
k|)2 + 2

∑
1≤k<t≤r

|λI
k||λI

t |

≥ 2
∑

1≤k<t≤r

(µI(κk,κt))
2 + 2

∑
1≤k<t≤r

(| − µI(κk,κt)|)2

= 4
∑

1≤k<t≤r

(µI(κk,κt))
2

Thus,EI(GI) ≥ 2

( ∑
1≤k<t≤r

(µI(κk,κt))
2

) 1
2

From the theorem 3.2,

EI(GI) ≤
(
2r

∑
1≤k<t≤r

(µI(κk,κt))
2

) 1
2

≤
(
4

( ∑
1≤k<t≤r

µI(κk,κt)

)2) 1
2

= 2
∑

1≤k<t≤r

µI(κk,κt)

Hence, (
2
∑

1≤k<t≤r

(µI(κk,κt))
2

) 1
2

≤ EI(GI) ≤ 2
∑

1≤k<t≤r

µI(κk,κt)

Theorem 3.5. Let GI be l-RIFG of order r with energy EI , then EI(GI) ≤ lr.
Proof. By theorem 3.3, for any κk ∈ V ∗∑

κk∈V ∗

dI(κk) = 2
∑

(κk,κt)∈E∗

µI(κk,κt)

But,
∑

κk∈V ∗ dI(κk) = lr, then 2
∑

(κk,κt)∈E∗ µI(κk,κt) = lr

By theorem 3.4, for any graph GI ,

EI(GI) ≤ 2
∑

1≤k<t≤r

µI(κk,κt)

= lr.
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Thus, EI(GI) ≤ lr.

Lemma 3.1. Let GI be an inverse fuzzy graph such that

r∑
k=1

σI(κk) > 1 and µI(κk,κt) >
σI(κk) + σI(κt)

2

for all (κk,κt) ∈ E∗. Then,

∑
1≤k<t≤r

(µI(κk,κt))
2 >

r∑
k=1

σI(κk)− 1.

Proof. From the hypothesis,

µI(κk,κt) >
σI(κk) + σI(κt)

2
.

Squaring both sides gives

(µI(κk,κt))
2 >

(σI(κk) + σI(κt))
2

4
.

Summing over all 1 ≤ k < t ≤ r, we obtain∑
k<t

(µI(κk,κt))
2 >

1

4

∑
k<t

(σI(κk) + σI(κt))
2.

Expanding,

(σI(κk) + σI(κt))
2 = (σI(κk))

2 + (σI(κt))
2 + 2σI(κk)σ

I(κt).

Thus,

∑
k<t

(σI(κk) + σI(κt))
2 = (r − 1)

r∑
k=1

(σI(κk))
2 + 2

∑
k<t

σI(κk)σ
I(κt).

Using the identity

∑
k<t

σI(κk)σ
I(κt) =

1

2

( r∑
k=1

σI(κk)

)2

−
r∑

k=1

(σI(κk))
2

 ,
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we get

∑
k<t

(σI(κk) + σI(κt))
2 = (r − 2)

r∑
k=1

(σI(κk))
2 +

(
r∑

k=1

σI(κk)

)2

.

Hence,

∑
k<t

(µI(κk,κt))
2 >

1

4

(r − 2)
r∑

k=1

(σI(κk))
2 +

(
r∑

k=1

σI(κk)

)2
 .

Since
∑r

k=1 σ
I(κk) > 1, the right-hand side is strictly greater than

∑r
k=1 σ

I(κk)−1.
Therefore, ∑

k<t

(µI(κk,κt))
2 >

r∑
k=1

σI(κk)− 1.

Theorem 3.6. If GI is IFG without isolated vertices, then

EI(GI) ≥ 2

(
r∑

k=1

σI(κk)− 1

) 1
2

provided
∑r

k=1 σ
I(κk) > 1 and µI(κk,κt) >

σI(κk)+σI(κt)
2

Proof.
Case 1. GI is connected.
If GI is connected,

∑r
k=1 σ

I(κk) > 1 and µI(κk,κt) > σI(κk)+σI(κt)
2

then, from
lemma 3.1, we have By the Lemma, we have

∑
1≤k<t≤r

(µI(κk,κt))
2 >

r∑
k=1

σI(κk)− 1.

From Theorem 3.4,

EI(GI) ≥ 2

( ∑
1≤k<t≤r

(µI(κk,κt))
2

)1/2

.

Therefore,

EI(GI) ≥ 2

(
r∑

k=1

σI(κk)− 1

)1/2

.
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Case 2. GI is disconnected.
Suppose that GI contains q components GI

1, G
I
2, ..., G

I
q having r1, r2, ..., rq vertices

such that r1+ r2+ ...+ rq = r,
∑q

i=1 δi ≥ 1, where each δi =
∑ri

k=1 σ
I
ik, i = 1, 2, ..., q

and σI
1k+σI

2k+ ...+σI
qk = σI

k and each component of GI satisfies membership values
of the edges given, we have

EI(GI) ≥ 2

(
q∑

i=1

(δi − 1)

) 1
2

= 2

(
(δ1 − 1)

1
2 + (δ2 − 1)

1
2 + ...+ (δq − 1)

1
2

)

= 2

(
(

r1∑
k=1

σI
1k − 1)

1
2 + (

r2∑
k=1

σI
2k − 1)

1
2 + ...+ (

rq∑
k=1

σI
qk − 1)

1
2

)

= 2

((
(

r1∑
k=1

σI
1k − 1)

1
2 + (

r2∑
k=1

σI
2k − 1)

1
2 + ...+ (

rq∑
k=1

σI
qk − 1)

1
2

)2) 1
2

= 2

(
(

r1∑
k=1

σI
1k − 1)

1
2 + (

r2∑
k=1

σI
2k − 1)

1
2 + ...+ (

rq∑
k=1

σI
qk − 1)

1
2

+ 2
∑
i<m

(

ri∑
k=1

σI
ik − 1)

1
2 (

rm∑
k=1

σI
mk − 1)

1
2

) 1
2

≥ 2

(( r∑
k=1

σI(κk)− 1

)
+ (q − 1)2

) 1
2

From the previous steps, we obtain

EI(GI) ≥ 2

(
r∑

k=1

σI(κk)− 1 + (q − 1)2

)1/2

.

Since (q − 1)2 ≥ 0, it follows that

r∑
k=1

σI(κk)− 1 + (q − 1)2 ≥
r∑

k=1

σI(κk)− 1.

=⇒

(
r∑

k=1

σI(κk)− 1 + (q − 1)2

)1/2

≥

(
r∑

k=1

σI(κk)− 1

)1/2

.
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Hence,

EI(GI) ≥ 2

(
r∑

k=1

σI(κk)− 1

)1/2

.

From the above, it is immediate to get

EI(GI) ≥ 2

(
r∑

k=1

σI(κk)− 1

) 1
2

4. Laplacian Energy of Inverse Fuzzy Graph
In this section, various upper and lower bounds are calculated for the Laplacian

energy of GI . Further, for a l− RIFG, it is proved that the LE(GI) and E(GI) are
equal.

Definition 4.1. The degree matrix DI(GI) = [dIkt] is a r × r diagonal matrix of
the form

dIkt =

{
dI(κk), ifk = t

0, otherwise

Definition 4.2. Let GI be an IFG. The Laplacian matrix LI(GI) is given by
LI(GI) = DI(GI)− AI(GI), where DI(GI) and AI(GI) are respectively the degree
matrix and adjacency matrix of GI . The spectrum SLI(GI) are the set of eigen-
values of LI(GI).

Definition 4.3. The Laplacian energy of IFG GI is defined as

LE(GI) =
r∑

p=1

∣∣∣∣∣ΛI
p −

(
2
∑

1≤k<t≤r µ
I(κk,κt)

)
r

∣∣∣∣∣
where ΛI

1,Λ
I
2, ...,Λ

I
r are the Laplacian eigenvalues of GI .

Definition 4.3. Let GI be an IFG. Then,

M I =
∑

1≤k<t≤r

(µI(κk,κt))
2 +

1

2

r∑
k=1

(
dI(κk)−

(
2
∑

1≤k<t≤r µ
I(κk,κt)

)
r

)2

Example 4.1. For an IFG in Figure 2, the adjacency matrix AI(GI) and the
degree matrix DI(GI) are given by,
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AI(GI) =



0 0.4 0.7 1 1 0.4 0 0
0.4 0 1 0.4 0 1 0.7 0
0.7 1 0 0.7 0 0 0.4 1
1 0.4 0.7 0 0.7 0 0 0.7
1 0 0 0.7 0 0 0 0
0.4 1 0 0 0 0 0 0
0 0.7 0.4 0 0 0 0 0
0 0 1 0.7 0 0 0 0



DI(GI) =



3.5 0 0 0 0 0 0 0
0 3.5 0 0 0 0 0 0
0 0 3.8 0 0 0 0 0
0 0 0 3.5 0 0 0 0
0 0 0 0 1.7 0 0 0
0 0 0 0 0 1.4 0 0
0 0 0 0 0 0 1.1 0
0 0 0 0 0 0 0 1.7


The Laplacian matrix LI(GI) is given by,

LI(GI) =



3.5 −0.4 −0.7 −1 −1 −0.4 0 0
−0.4 3.5 −1 −0.4 0 −1 −0.7 0
−0.7 −1 3.8 −0.7 0 0 −0.4 −1
−1 −0.4 −0.7 3.5 −0.7 0 0 −0.7
−1 0 0 −0.7 1.7 0 0 0
−0.4 −1 0 0 0 1.4 0 0
0 −0.7 −0.4 0 0 0 1.1 0
0 0 −1 −0.7 0 0 0 1.7



Figure 2: Inverse fuzzy graph GI
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Then SLI(GI) = {5.074, 4.553, 4.065, 3.020, 1.418, 1.167, 0.899, 0} and the Lapla-
cian energy LE(GI) = 13.228.

Theorem 4.1. If ΛI
1 ≥ ΛI

2 ≥ ... ≥ ΛI
r are the Laplacian eigenvalues of GI , then

1.
∑r

k=1 Λ
I
k = 2

∑
1≤k<t≤r µ

I(κk,κt)

2.
∑r

k=1(Λ
I
k)

2 = 2
∑

1≤k<t≤r(µ
I(κk,κt))

2 +
∑r

k=1(d
I(κk))

2

Proof.

1. Since LI(GI) is symmetric having non-negative Laplacian eigenvalues then,

r∑
k=1

(ΛI
k) = tr(LI) =

r∑
k=1

dI(κk) = 2
∑

1≤k<t≤r

µI(κk,κt)

2. From LI(GI), we have

∣∣∣∣∣∣∣∣
dI(κ1) ... −µI(κ1κr)
... ... ...
... ... ...

−µI(κrκ1) ... dI(κr)

∣∣∣∣∣∣∣∣
Then,

tr(LI)2 = ((dI(κ1))
2 + (µI(κ1κ2))

2 + (µI(κ1κ3))
2 + ...+ (µI(κ1κr))

2)

+ ((µI(κ2κ1))
2 + (dI(κ2))

2 + (µI(κ2κ3))
2 + ...+ (µI(κ2κr))

2)

+ ...+ ((µI(κrκ1))
2 + (µI(κrκ2))

2 + (µI(κrκ3) + ...+ (dI(κr))
2)

= 2
∑

1≤k<t≤r

(µI(κk,κt))
2 +

r∑
k=1

(dI(κk))
2

Theorem 4.2. Let ΛI
1 ≥ ΛI

2 ≥ ... ≥ ΛI
r be the Laplacian eigenvalues of GI and

γI
k =

∣∣∣∣∣ΛI
k −

(
2
∑

1≤k<t≤r µ
I(κk,κt)

)
r

∣∣∣∣∣, then
1.
∑r

k=1 γ
I
k = 0

2.
∑r

k=1(γ
I
k)

2 = 2M I

where M I =
∑

1≤k<t≤r(µ
I(κk,κt))

2 + 1
2

∑r
k=1

(
dI(κk)−

(
2
∑

1≤k<t≤r µ
I(κk,κt)

)
r

)2

.

Theorem 4.3. Let ΛI
1 ≥ ΛI

2 ≥ ... ≥ ΛI
r be the Laplacian eigenvalues of GI , then
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LE(GI) ≤

(
2r

∑
1≤k<t≤r

(µI(κk,κt))
2+

1

2

r∑
k=1

(
dI(κk)−

(
2
∑

1≤k<t≤r µ
I(κk,κt)

)
r

)2) 1
2

Proof. Apply Cauchy-Schwartz inequality to (1, 1, ..., 1) and (|γI
1 |, |γI

2 |, ..., |γI
r |),

then

|
r∑

k=1

γI
k |2 ≤ r

r∑
k=1

|γI
k |2

where

LE(GI) ≤ (r
r∑

k=1

|γI
k |2)

1
2 = (2M Ir)

1
2

and M I =
∑

1≤k<t≤r(µ
I(κk,κt))

2+ 1
2

∑r
k=1

(
dI(κk)−

(
2
∑

1≤k<t≤r µ
I(κk,κt)

)
r

)2

Then,

LE(GI) ≤

(
2r

∑
1≤k<t≤r

(µI(κk,κt))
2+

1

2

r∑
k=1

(
dI(κk)−

(
2
∑

1≤k<t≤r µ
I(κk,κt)

)
r

)2) 1
2

Theorem 4.4. Let GI be an IFG and ΛI
1 ≥ ΛI

2 ≥ ... ≥ ΛI
r be the Laplacian

eigenvalues of GI , then

LE(GI) ≥ 2

( ∑
1≤k<t≤r

(µI(κk,κt))
2+

1

2

r∑
k=1

(
dI(κk)−

(
2
∑

1≤k<t≤r µ
I(κk,κt)

)
r

)2) 1
2

Proof. From the definition of Laplacian energy, we have

(LE(GI))2 =

( r∑
k=1

|γI
k |
)2

=
r∑

k=1

|γI
k |2 + 2

∑
1≤k<t≤r

|γI
k ||γI

t |

≥ 4M I

Then,

LE(GI) ≥ 2

( ∑
1≤k<t≤r

(µI(κk,κt))
2+

1

2

r∑
k=1

(
dI(κk)−

(
2
∑

1≤k<t≤r µ
I(κk,κt)

)
r

)2) 1
2
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Theorem 4.5. Let GI be an IFG and ΛI
1 ≥ ΛI

2 ≥ ... ≥ ΛI
r be the Laplacian

eigenvalues of GI , then

LE(GI) ≤ γI
1 +

(
(r − 1)

(
2
∑

1≤k<t≤r

(µI(κk,κt))
2+

r∑
k=1

(
dI(κk)−

(
2
∑

1≤k<t≤r µ
I(κk,κt)

)
r

)2

− (γI
1)

2

)) 1
2

Proof. Apply Cauchy-Schwartz inequality to (1, 1, ..., 1) and (|γI
2 |, |γI

3 |, ..., |γI
r |),

then

|
r∑

k=2

γI
k |2 ≤ (r − 1)

r∑
k=2

|γI
k |2

LE(GI)− γI
1 ≤

(
(r − 1)(2M I − (γI

1)
2)

) 1
2

But, M I =
∑

1≤k<t≤r(µ
I(κk,κt))

2+ 1
2

∑r
k=1

(
dI(κk)−

(
2
∑

1≤k<t≤r µ
I(κk,κt)

)
r

)2

Then,

LE(GI) ≤ γI
1 +

(
(r − 1)

(
2
∑

1≤k<t≤r

(µI(κk,κt))
2+

r∑
k=1

(
dI(κk)−

(
2
∑

1≤k<t≤r µ
I(κk,κt)

)
r

)2

− (γI
1)

2

)) 1
2

Theorem 4.6. Let GI be a l-RIFG and ΛI
1 ≥ ΛI

2 ≥ ... ≥ ΛI
r be the Laplacian

eigenvalues of GI , then

LE(GI) ≤ γI
1 +

(
(r − 1)

(
2
∑

1≤k<t≤r

(µI(κk,κt))
2 − (γI

1)
2

)) 1
2

Proof. Since GI is a l-RIFG, then

l = dI(κk) =
2
∑

1≤k<t≤r µ
I(κk,κt)

r
(5)

Using (5) in theorem 4.5, we get

LE(GI) ≤ γI
1 +

(
(r − 1)

(
2
∑

1≤k<t≤r

(µI(κk,κt))
2 − (γI

1)
2

)) 1
2
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Theorem 4.7. If GI is l-RIFG, then LE(GI) = E(GI).
Proof. Let GI be an l− RIFG of order r. Then, by Definition 3.4, the degree
of each vertex is constant, i.e., dI(κk) = l, ∀κk ∈ V ∗. Hence, the degree ma-
trix satisfies DI(GI) = lI. From Definition 4.2, the Laplacian matrix is given by
LI(GI) = DI(GI) − AI(GI) = lI − AI(GI). Let λI

k be an eigenvalue of the adja-
cency matrix AI(GI) with corresponding eigenvector v, i.e., AI(GI)v = λI

kv. Then,
LI(GI)v = (lI −AI(GI))v = lv−λI

kv = (l−λI
k)v. Thus, the Laplacian eigenvalues

are given by ΛI
k = l − λr−k+1. Since GI is a l-RIFG, then

l =
2
∑

1≤k<t≤r µ
I(κk,κt)

r

and

γI
k −

2
∑

1≤k<t≤r µ
I(κk,κt)

r
= −λr−k+1, k = 1, 2, ..., r∣∣∣∣∣γI

k −
2
∑

1≤k<t≤r µ
I(κk,κt)

r

∣∣∣∣∣ =
∣∣∣∣∣−λr−k+1

∣∣∣∣∣
r∑

k=1

∣∣∣∣∣γI
k −

2
∑

1≤k<t≤r µ
I(κk,κt)

r

∣∣∣∣∣ =
r∑

k=1

∣∣∣∣∣−λr−k+1

∣∣∣∣∣
Thus, LE(GI) = E(GI).
Example 4.2. For the l− RIFG in Figure 3, SI(GI) = {1.4,−1,−0.4, 0} and
EI(GI) = 2.8. Also, SLI(GI) = {2.4, 1.8, 1.4, 0} and LE(GI) = 2.8. Thus,
LE(GI) = E(GI). From the above theorem, we have, ΛI

k = l − λr−k+1. For the
first Laplacian eigenvalue ΛI

1 = 2.4 and eigenvalue λI
1 = 1.4, we have ΛI

1 = 2.4 =
1.4− (−1.0) holds true for k− 1. Similarly, for k = 2,ΛI

2 = 1.8 = 1.4− (−0.4), for
k = 3,ΛI

3 = 1.4 = 1.4− 0, for k = 4,ΛI
4 = 0 = 1.4− 1.4.

Figure 3: l− RIFG
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5. Conclusion
In this article, the notion of energy (EI) and Laplacian energy (LE) for the IFG

GI have been newly introduced and various upper and lower bounds are derived.
Also, the sharp bound for the EI(GI) is newly evaluated. Furthermore, l− regular
IFG is newly defined and EI(GI) = LE(GI) is true only if GI is l− regular. The
IFG is new in the area of fuzzy graph theory, there are various energy related
concepts, Zagreb energy, Randic energy can be further explored on IFG for future
work.
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